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Abstract 

We investigate the effective theory of type IIA string theory on six-dimensional 
orientifold backgrounds with SU(2)-structure. We focus on the case of orientifolds 
with 06-planes, for which we compute the bosonic effective action in the super- 
gravity approximation. For a generic SU(2)-structure background, we find that 
the low-energy effective theory is a gauged N = 2 supergravity where moduli in 
both vector and hypermultiplets are charged. Since all these supergravities descend 
from a corresponding N = 4 background, their scalar target space is always a quo- 
tient of a SU(1, 1)/U(1) x SO(6, n)/SO(6) x SO(ra) coset, and is therefore also very 
constrained. 



1 Introduction 



The study of string backgrounds which are compactifications on manifolds with G- 
structure has been of interest for some time now. (For reviews see, for example, [TJ E] 
and references therein.) G-structure manifolds generalize Calabi-Yau spaces in that they 
also admit a number of globally-defined and nowhere vanishing spinors. These spinors, 
however, are no longer required to be parallel with respect to the Levi-Civita connection. 
Instead, they are parallel with respect to a connection with torsion [31 Hj. As a conse- 
quence the number of supersymmetries in the background is unchanged but they can be 
spontaneously broken. This in turn generates a potential and lifts (part of) the vacuum 
degeneracy [U E]- 

So far mainly compactifications with one globally defined spinor or in other words 
compactifications on SU(3)-structure manifolds were considered [TJ. In type II theories, 
they lead to four- dimensional low-energy effective theories with N = 2 supersymmetry. 
Including D-branes and orientifold planes the supersymmetry can be further reduced to 

n = i 0-H2|. 

If instead two spinors are globally defined the internal manifold has SU(2)-structure 
and generically the effective theory obtained from type II has N = 4 supersymmetry [T5] - 
|18j . Including orientifold planes this supersymmetry can be further reduced to N = 2 
or N = 1 [HI Q21 HIED!- 

Aspects of the low energy effective action for type II string theory compactified on 
orientifolds of K3 x T 2 have been computed in refs. [211 E21 E31 EI] . In this paper, we focus 
on type IIA, and calculate the bosonic N = 2 effective action for a background manifold 
with SU(2)-structure and with an 06 orientifold projection, within the supergravity 
approximation. This is the analogue of the analysis performed in [51 [S] where the N = 1 
effective action for orientifolds of SU(3)-structure compactifications was determined. The 
low energy effective theory which we find is a gauged N = 2 supergravity where the scalar 
manifold M. is particularly simple and the product of the three symmetric spaces 

SU(1,1) SO(2,n) SO(4,m) 

U(l) SO(2) x SO(n) SO(4) x SO(m) ' 1 ' ' 

which descends from the scalar field space SU(1, 1)/U(1) x SO(6, n)/SO(6) x SO(n) of 
N = 4 supergravity. The first two factors in fll.il) are a special Kahler manifold and 
spanned by the scalars in the vector multiplets while the last factor is quaternionic-Kahler 
and spanned by the scalars in the hypermultiplets. Furthermore we find that isometries of 
all three components can be simultaneously gauged when appropriate torsion components 
are present. To our knowledge, this situation has not been encountered previously in any 
N = 2 compactification of type II string theory^] 

The paper is organized as follows. In section El we consider the special case where the 
internal manifold is an orientifold of the Calabi-Yau space K3 x T 2 . In order to prepare 
the discussion for more general SU(2)-structure manifolds, we phrase our analysis in 
the formalism introduced in [131 [TJ]. In section 12.11 we briefly review the orientifold 



1 It does occur in certain heterotic SU(2)-structure compactification [55] and can probably also be 
arranged in appropriate generalizations of M-theory compactifications on SU(3)-structure manifolds 
considered in [551 HZ] ■ 
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projection. Section 12.21 is concerned with finding a suitable orientifold projection on 
K3 x T 2 which preserves half of the super symmetry. In 12.31 we compute the massless 
spectrum of the orientifolded theory and in [23] determine the effective action via a Kaluza- 
Klein reduction. By performing a set of field redefinitions, we are able to show that 
the scalars fields are indeed coordinates on the scalar manifold M. given in (11.11) . In 
section [3] we then turn to generic manifolds with SU(2)-structure. We first describe 
compactifications on G-structure manifolds following [28], and recall the properties of 
the moduli space of metrics on SU(2)-structure manifolds as discussed in [T7]. We then 
see that most of our results from sections 12.21 and 1 2.31 still hold in this more general case, 
when we also generalize our Kaluza-Klein ansatz appropriately. Section [331 then contains 
the effective action for the general case, which is a gauged four-dimensional N = 2 
supergravity. We then describe the obtained gaugings in terms of the variables introduced 
in section 12.41 The corresponding Killing prepotentials are computed in appendix O In 
appendix [Dj we show that the potential obtained from compactification is consistent 
with the general formula for the potential in N = 2 supergravities. Appendix [A] contains 
details on the chosen spinor conventions, appendix [B] contains the gauge kinetic coupling 
function, and we give our conclusions in section HI 



2 Orientifolds of Type IIA on K3 x T 2 
2.1 Type IIA Orientifolds 

Let us start by recalling the orientifold projection for type IIA theories [12] . From a 
world-sheet perspective, orientifolds arise by modding out the string theory by a discrete 
involutive symmetry S. This symmetry includes the map Q p which inverts orientation of 
the string world sheet (parametrized by a and r) according to 

Q p : (a,r) -> (2vr - a,r) . (2.1) 

Q p is such that it exchanges left- and right-moving string modes. For the fermionic modes 
in type IIA, this means spinors of opposite target-space chirality must be mapped to each 
other. In order to do this consistently, one has to combine Q p with an involution a of 
the target space, which inverts target space orientation [12] H Locally, such a a can be 
thought of as an odd number of reflections along tangent space directions. Depending on 
the number of reflections, the transformation properties of the fermionic modes change 
and one may have to add an extra operator (— 1) Fl in order to ensure S 2 = 1 for all states 
[T2] . More straightforwardly, the number of flipped directions also determines the generic 
dimension of the orientifold planes, since these lie at the fixed-point loci of a. Thus, one 
arrives at the following possibilities for Op-planes and the corresponding projections: 

02,06: S=(-l) F ^Q p a, 

00, 04, 08: S = a p a . 1 ' 

(More details of this projection are given in appendix IA.2I ) 

2 To be consistent with the standard notation we use a to also denote this involution which, however, 
has nothing to do with the world-sheet coordinate a. 
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In type IIA string theory, the massless ten-dimensional bosonic spectrum consists 
of the metric g, the dilaton ip, and the 2-form B, all in the NS-sector, and a one- and 
three-form field A and C in the RR-sector. The orientifold map S acts on these fields 
by the pull-back a* of the target-space involution a, combined with extra minus signs, 
which can be deduced from the world-sheet description of each field. Altogether one has 
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(— 1) Fl only acts on the R-R fields, since they are built from the tensor product of one 
left- and one right-moving world-sheet spinor. The transformation properties under Q p a 
can be derived by writing the NS-NS modes as symmetric or antisymmetric products 
of left-and right-moving bosonic oscillators, and the R-R modes as spinor bilinears, and 
switching left- and right-moving modes [12] . 



2.2 Orientifold action on K3 x T 2 

Let us now consider backgrounds which include orientifolds of the six-dimensional Calabi- 
Yau manifolds K3 x T 2 and first determine the appropriate orientifold projection for this 
case. K3 is the unique four-dimensional manifold with SU(2)-holonomy and thus K3 x T 2 
can be viewed as a special case of a six-dimensional manifold with SU(2) structure. We 
will see that it already exhibits many features of a generic SU(2)-structure manifold that 
we will analyze in section [3J 

A Ricci-flat metric on K3 x T 2 admits 2 covariantly constant spinors rj l , % = 1, 2. As 
a consequence the two parameters e 1 ' of the unbroken ten-dimensional type II super- 
symmetry transformations may be decomposed as 

e\ = 4+ ® vi + 4_ ® V- , 
n it it i = 1.2, (2-4) 

where the Si and the rf are Spin(l,3), resp. Spin(6) Weyl spinors. The minus sign in 
the second line of (12.41) is due to our choice for the Majorana condition and the fact 
that has chirality -1 (see appendix |A] for details on the chosen conventions). We 
see that, from a four- dimensional perspective, the unbroken supersymmetries feature the 
four parameters e\, ep. Therefore type IIA string theory in a K3 x T 2 background is 
described at low energies by a four-dimensional N = 4 supergravity theory [29, [TB] . 

In this section we aim at constructing an iV = 2 theory by including an appropriate 
orientifold projection in this setup. Preserving N = 2 supersymmetry requires that a 
leaves half of the supersymmetries invariant. For concreteness we consider a background 
with 06-planes, for which a acts on the six- dimensional spinors if as follows [SJ [11] 

a\rf ± ) = ±rf T . (2.5) 

(We derive the form of this projection in our conventions in appendix IA1 ) In general, 
one can add a multiplication by a phase e ld to the action of a, which has the effect of 
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rotating the O-planes. However, in the case of a single O-plane, one can always choose 
suitable variables in which the phases disappear. 

The Kahler form J and the holomorphic 2-form Q on K3 can be expressed in terms 
of the globally defined spinors if as [151 f!3]FI 

J := Hv^lmnV- - V-^mnV-) dY m A dY n = \ J ab dz a A dz b , 

(2.6) 

Q ■= ir^ lmn rf_ dY m A dY n = \Vt ah dz a A dz b . 

Using (12.51) one can infer the following transformation properties |12j : 

a* (J) = -J, 

<t*(q) = -n. 



(2.7) 



In addition, the basis one-forms on the torus can also be expressed as a bispinor in the 
rf via [15] 

K:=r l 2 ] lm r ] 1 + dY m = dy 2 + idy l , (2.8) 

where 71,72 are the gamma- matrices in the torus directions. Here, the transformations 
(12. 5p act as 

a*(K)=K, (2.9) 
which implies a*(dy l ) = —dy 1 and a*{dy 2 ) = dy 2 . 



2.3 Massless spectrum 

Let us now determine the massless spectrum of the orientifolded theory and assign it 
to iV = 2 multiplets. As in any Calabi-Yau compactification, the massless modes of the 
four-dimensional theory are obtained by expanding the ten-dimensional fields in harmonic 
modes on K3 x T 2 . On K3 there are the constant function, the 22 harmonic 2- forms 
0J a (y) and one harmonic 4-form. On T 2 , the "harmonic modes" are just the constant 
functions and forms. Therefore the ten-dimensional (hatted) fields can be expanded as 

A = A + Ay, i = l,2 

B = B + B i Av i + iBa z/ A u j + B a u a (y) , a = 1, 22 , 

(2.10) 

C = C + (d - A A Bi) A 1/ + §(Cy - A B i:j ) A z/ A v j 
+ (C a — A B a ) A u a + C ia z/ A u a , 

where the "vielbein" one-forms v % are defined as v % = dy 1 — g l ^dx^ with g* being the 
appropriate off-diagonal metric component. All other (unhatted) variables denote four- 
dimensional fields. In this basis the metric is block-diagonal and given by 

ds 2 = g^dxW + guidy* - g\dx»)(dyi - g\dx v ) + g ab dz a dz b , (2.11) 

3 Let us summarize our conventions for the different coordinates: ten-dimensional coordinates are 
labeled X M , M = 0, ...,9 while four-dimensional space-time coordinates are labeled by x^,fi — 0, ...,3. 
The real coordinates on the internal manifold (here K3 x T 2 ) are labeled Y m which are split into the 
coordinates y l , i = 1, 2 on T 2 and the (real) coordinates z a , a = 1, 4 on K3. 



4 



where g^, g 1 ^ and gr^ only depend on x^ while g a b is the metric on K3 which also depends 
on the K3 coordinates z a . 

In order to determine the spectrum of the orientifolded theory, we have to project 
the spectrum onto the modes which are even under the map S = (— l) Fh Qcr. The pull- 
back of a splits the modes in the Kaluza-Klein expansion (I2.10p into an eigenspace with 
eigenvalue +1, and an eigenspace with eigenvalue —1, which we will refer to as the even 
and odd eigenspaces. The forms dx^ are even, since a does not act on the non-compact 
directions. For T 2 we determined below (12.91) that dy 1 is odd and dy 2 is even. The 
harmonic 2-forms u a on K3 split into an odd eigenspace H 2 ~ of dimension n_ and an 
even eigenspace H 2,+ , of dimension n + We can always choose a basis of forms in H 2 
which consists of eigenvectors of the involution a. This basis then splits into a basis of 
H 2,+ and a basis of H 2, ~, which we label as follows: 

H 2 ' + = span {uj a } , A = 1, n + , 
H 2 ~ = span {tu P } , P = 1, ...,n_ , 

with n + + n_ = 22. Since the wedge product and the pull-back a* commute, it is easy 
to determine the parity with respect to a* of products of the u a and dy 1 . 

Using f)2.3p together with the action of a* that we have just determined we can now 
determine the orientifold spectrum by projecting onto those modes which are invariant 
under S = (— 1) Fl Q p <j. Let us start with the components of the metric g on M 1,3 x T 2 . 
It is slightly more transparent to do the projection for the metric components in the 
coordinate basis which uses dx^, dy 1 as differentials rather than the "vielbein" basis 
dx", v i of fl2TTj) . Let us define 

9vw = 9nv + 9ij9^9 J u , 9iv = ~9ij9\ , 9ij = 9ij , (2.13) 

" 2 ... , 

such that ds = g^dx^dx 1 ' + g~ijdy l dy J + 2g i)l dy' l dx fl + g a bdz a dz . 

S maps the metric g to u*(g), so we have to project out the modes with odd parity 
under the action of a*. Since we are restricting ourselves to the metric on R 1 ' 3 x T 2 for 
now, this means that we only keep the even forms dx^dx v ', dx^dy 2 , dy 1 dy 1 and dy 2 dy 2 or 
in other words the components g^ v , g 2lI , gu an d §22 remain in the spectrum. Using (12.131) 
to return to the "vielbein" frame, we see that we are left with the components g^^gn 
and (722- The g % , which are related to the metric g by g l = g^gj^ are reduced to g 1 = 0, 
g 2 ^ = g 22 §2^i by the orientifold projection. Now it is easy to see that v 1 = dy 1 is odd 
while v 2 = dy 2 — g 2 dx^ is even. 

Let us continue to impose the orientifold projection on the other fields in the spectrum. 
(12. 3p implies that the two-form field B has to transform as B — * —a*(B), so that only odd 
modes survive in the expansion of B in (I2.10p . These are the coefficients of z/ 1 Adx^, v l t\v 2 
and u p or in other words the components B^, Byi and Bp. A similarly transforms as 
A — > —a* (A) so that again only the <r*-odd component A\ survives. The three-form C 
transforms as C — >• cr*(C) which implies that the even modes Ci^^G^Cxp^Gia an d 
C^p remain in the spectrum. (C^ up , however, contains no dynamical degrees of freedom.) 
Finally from the dilaton only the even x-dependent scalar field if is kept. 

4 The numbers n + and n_ depend on the involution ct, which we do not specify here. 
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This concludes the truncation of the modes coming from (I2.10p . The reduction of 
the action for the K3 metric g a b is slightly more complicated. A Ricci-flat metric on 
K3 is determined, up to the global volume factor, by its hyperkahler structure. The 
hyperkahler structure in turn is determined by the subspace £ of the second cohomology 
class H 2 (K3,M.) spanned by the two- forms J, Kefl and ImQ defined in (12. 6p . or equiv- 
alently, the space of self-dual harmonic two- forms on K3 [2D]- The second cohomology 
class of K3 is a 22-dimensional vector space, equipped with a metric of signature (3,19) 
via the intersection product. One can express the intersection product in terms of the 
basis {uj a } of harmonic two-forms: 

rj af3 = [ a/* Ac/, a,p = 1,...,22 . (2.14) 

JK3 

The space of self-dual forms £ is then a 3-dimensional subspace of the second cohomology 
class, spanned by forms with a positive self-intersection number, which one can regard 
as a subspace of R 3,19 spanned by vectors with positive norm|f| As a consequence the 
moduli space of Ricci-flat metrics on K3 is the Grassmannian 

_ SO(3,19) 
Mk3 ~ SO(3) x SO(19) X R ' (2 - 15) 



up to a quotient by the discrete group of isomorphisms on K3 [30] . The factor M. + is the 
volume of the K3 surface, which we denote as 



V^(9ab) ■ (2.16) 

K3 

The remaining moduli can be conveniently encoded in a matrix H a ^, which determines 
the action of the Hodge *-operator on the harmonic 2-forms via 



*u a = H a <J > . (2.17) 



We can also describe the matrix H a /3 in terms of three orthonormal (with respect to r] al3 ) 
vectors £ x a , x — 1, 2, 3, which parametrize the variations of the two-forms J and Q [25] 

j = ^e-^y, 

(2.18) 

Since J and Q span the subspace £ of self-dual harmonic two-forms, H a /3 takes the form 

121 

^ = -^ + 2r a O , (2-19) 

where £ xa = r] a/3 ^ x g. 

The next step is to determine the S- invariant subspace of A^K3 or in other words deter- 
mine the S'-invariant deformations of the K3-metric. From the transformation properties 
given in (12.31) we learn that these are the deformation which are invariant under the action 
of a*. Since a is an isometry, it leaves the Hodge *-operator invariant. It follows that the 



3 In the remainder of the article we call these subspaces "spacelike subspaces" . 
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Hodge *-operator only acts within each of the eigenspaces H 2 ^ defined in (12121) . From 
(I2.17P we then immediately conclude that the matrix H a » has to be block-diagonal, i.e. 

^ = ( "o B h\ ) ■ < 2 ' 2 °) 

where A, B = l,...,n + and P,Q — l,...,n_ label the even and odd two-forms, respec- 
tively. The intersection product (12.141) is a topological invariant, so it remains unchanged 
under the action of any diffeomorphism, and thus, more specifically, under the involution 
a. Therefore, also 7] al3 has the block-diagonal form 



if* = ( "n Jo ) ■ (2-21] 



T] AB 
r] PO 



As we already recalled J, Ref2 and Imfl span £ and thus have positive self-intersection 
number. It follows from the transformation properties (12 .7ft that Imfl lies in H 2,+ , 
whereas J and Ref2 lie in H 2 ~. Together, these facts imply that the intersection form 
r] AB on H 2 ' + has signature (1, n + — 1), whereas rf° has signature (2, n_ — 2). 

The reduction of H a g to a block- diagonal form corresponds to the following reduction 
of the parameter space of the £ x a : the choice of three orthonormal vectors £ x G IR 3,19 is 
reduced to a choice of one unit vector £ S A G R 1,n + -1 (with n + — 1 degrees of freedom) 
and two orthogonal unit vectors £ l P ,£, 2 P G R 2 ' n+ ~ 2 (with 2(n + — 2) degrees of freedom). 
In other words, the matrices H A B , H P q are given by 

h a b = -5\ + 2^ A e A , h p q = —s p q + 2^t q + e p e Q ). ^ 

We see that, for the metric to be invariant under the orientifold projection, the spacelike 
three-plane S must be a product of a one-dimensional spacelike subspace in H 2+ and 
a two-dimensional spacelike subspace in H 2 ~. This means that the Grassmannian in 
equation (12.151) is reduced to the product of two Grassmannians. Together with the 
volume factor, this accounts for the moduli space 

SO(l,n + -l) SO(2,n_-2) 
Mo *> ~ SO(n + - 1) X SO(2)xSO(n_-2) X M " (2 ' 23) 

To summarize, we determined the massless bosonic modes which survive the orien- 
tifold projection and assembled them in Table 12.11 As we will discuss in more detail in 
the coming sections, these fields match the bosonic content of a four-dimensional N = 2 
supergravity theory which contains, apart from the gravity multiplet, n + + 1 vector mul- 
tiplets and n_ hypermultiplets. However, we can already anticipate the field content of 
these multiplets: 

• The gravity multiplet contains the metric and the graviphoton g 2 ^. 

• The n + vector fields C A , the n+ real scalars C 2 A , the (n+ — 1) degrees of freedom 
from £ 3A , and e~ 2 ^~ p gTi together form n + vector multiplets. 

• The vector field B±, the product <7ii<722 — e _2T? and form one more vector 
multiplet. 
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Table 2.1: This table lists the massless fields which survive the 06 orientifold projection. 
The hatted fields are the massless ten-dimensional fields while the unhatted fields are the 
massless modes in four space-time dimensions with j indicating their (four-dimensional) 
spin. The indices A,B = l,...,n + label components from the expansion in even two- 
forms, the indices P,Q = 1, n_ correspond to odd two-forms. 

• The n_ scalars B p , the n_ scalars C\p and the 2(n_ — 2) degrees of freedom 
contained in H P q assemble in (n_ — 1) hypermultiplets. 

• An additional hypermultiplet arises as the Poincare dual of the tensor multiplet 
containing the scalars A x and e~ 2 ^~ p gn, the K3 volume factor p, and the two- form 
C 2 - 

We note that the dilaton (p is a combination of scalars from the vector and hypermulti- 
plets. This implies that both sectors receive string loop corrections, as is the case in type 
I compactifications [5T] . 



2.4 Effective action 

We can now compute the effective four-dimensional action for the orientifolded theory. 
The starting point is the bosonic action of ten-dimensional type IIA supergravity given 
by [32] 

Sua = j e~ 2 ^ (d w x^(R + Ad M 0d M 0) + \&B A *d£?) 

(2-24) 

+ \ I (&Af\ *dA + F 4 A *F 4 ) + \ I B A AC A AC , 
with the field strength 

F 4 = AC - A A AB . (2.25) 

Substituting the Kaluza-Klein expansion of (12.101) together with the orientifold projection 
as determined in the previous section into the action (12.241) and integrating over K3 x T 2 , 



S 



we obtain^] 

= J d 4 x^g~ {\R ~ <W + \p + iv)^ + \P+ b) 
+\{d^ p d p e~ p + d^gud^g 11 + d^g 22 d p g 22 ) 
+Ud»H A B d»H B A + d„H p Q d»H Q P ) 

+| J ( K \e p H PQ (dB P A*AB Q ) + \e 2 MB l2 A*AB 12 
+ e- 2 *-^g 22 dg 2 A *dg 2 

+ e-^-y^cLBi + dg 2 B 12 ) A *(dB 1 + dg 2 B 12 ] 
+\ J (h 2 *9 U dA 1 A *dA x + \e 2 ^Hf AB g 22 dC 2A A *dC 2B ^ 

+ \e 2 * +p H PQ g ll {dC 1P + A^Bp) A *(dC 1Q + A 1 dB Q ) 
+ e-m AB (dC A - dg 2 C 2A ) A *(dC B - dg 2 C 2B ) 
+ 2e^- 2v - 2p g 22 dC 2 A *dC 2 

+ 4e- 4 ^~ 3,? - 3p (dC - dg 2 A C 2 ) A *{dC - d# 2 A C 2 )) 
+1 / ( - ?7 AB 5i2dC A A dC B - 2r/ PQ dC 2 A £ P dC 1Q 
+ ^(dBj + d£ 2 5 12 ) A (2dC A - d£ 2 C 2A )C 2 B 
r\ encodes the volume of the torus T 2 and is defined by 

J yjdet{ 9ij ) = ^gY 2 . (2.27) 



As was already mentioned in the previous section, the three-form C does not carry 
any degrees of freedom in 4 dimensions, and we choose to integrate it out. The equation 
of motion for C derived from (12.261) reads d(C — g 2 A C 2 ) = 0. Its solution C = g 2 A C 2 is 
then inserted back into (12.261) . Similarly, the massless two- form field C 2 can be dualized 
to a massless scalar field 7. Following the well-known dualization prescription (see, for 
instance, [Ml), we arrive at the following action for 7 

S 1 = i J e 2 ^ 2p g ll {d 1 + 2B p dC 1P ) A *(d7 + 2B Q dC 1Q ) , (2.28) 

which replaces all terms containing C 2 in the action (I2.26P . 

6 We do not give the computation here but refer the reader to ref. [35] for further details of the 
reduction in the NS-sector and to ref. [T5J, [TB] for the reduction in the RR-sector. The six-dimensional 
action obtained from K3 compactifications of type IIA is given in [29], while background fluxes are 
turned on in l33l. 
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In the following two sections, we perform the necessary field redefinitions which bring 
the action into the canonical form of N = 2 supergravity. Let us start with the vector 
multiplets. 



2.4.1 Vector multiplets 

In order to to display the supergravity basis we need to perform a set of field redefinitions 
which decouples the kinetic terms of the vector multiplet scalars from the hypermultiplet 
scalars. As was already mentioned in section 12.31 the scalars in the vector multiplets are 
the n + — 1 metric moduli in £ 3A , the C 2 a, Bi 2 ,r], and e~ 2 ^~ p g22- In order to exhibit the 
N = 2 special geometry, we assemble them into the following n + + 1 complex fields 



z 



^cV+fc-^vast", (229) 

s = B l2 + ie-v , 

where 77 is defined in (12.271) . We recall that £ 3A has unit norm and thus carries only 
n + — 1 degrees of freedom. The required extra degree of freedom turns out to be the 

factor e v 2p \J2g22- In terms of these fields the kinetic terms are indeed block diagonal 
and read for the vector multiplet scalars z A and s 

SVector = / , ~* ds A *ds + G AB dz A A *dz B , (2.30) 
J {s-s) 2 

where the coupling G A § is given by the expression 

r - a (z-z) A (z-z) B | 2rj AB 

&AB ~ ~\{z-z)C{z-z)aY + (z - zT{z - z) c " (2 ' 31) 
The combined metric defined by (12.301) is Kahler with the Kahler potential 

K = - lni(s - s) - \n[-f\r] AB {z - z) A {z - z) B ] . (2.32) 
Note that K, can also be expressed in terms of geometrical quantities as 

/C = -me-^/" ImfiAdy 2 A *(Imfi A dy 2 ) , (2.33) 

JK3xT 2 

where we used (12.181) . K is a Kahler potential for the coset space 

SU(1,1) SO(2,n + ) 
Mv ~ U(l) SO(2) x SO(n + ) • {2 - M) 

Consistent with N = 2 supergravity Ai v is a special Kahler manifold in that K can be 
written in the form K. — — lni[X i Ti — X 1 ' Tj\ for 

Fi = djr, T= - SVA f x A Q ZB , (2.35) 
and a choice of special coordinates X 1 = (X°, S, Z A ) = |(1, s, z A ), 1 = 0, n + + 1. 
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This prepotential T also determines the couplings of the field strengths of the gravipho- 
ton and the n + + 1 vector fields. We label the vector fields with the same index I and 
define 

F 1 = dA 1 = (dg 2 , dB h dC A ) . (2.36) 
In a consistent N = 2 supergravity Lagrangian, they should couple as 



S F = I J ReXijF 1 A F J — IrnNuF 1 A *F J , (2.37) 
where the matrix M is expressed in terms of the prepotential JF 



*" = ^" + g i£fJx»x« ■ (2 ' 38) 



In equation (IB.ip we display the matrix JV}j obtained from the effective action (12.261) . It 
is indeed consistent with the matrix obtained by inserting T given in (12.351) into (I2.38p . 



2.4.2 Hypermultiplets 

Let us now turn to the geometry of the scalar fields in the hypermultiplets. The field 
redefinition (12.291) decoupled the scalars in the vector multiplet so that the remaining 
scalar kinetic terms in the effective action (12.261) can be written as 



S hypcr = / - t^ rP q a * dIjQ p 

+ \e 2 *g 11 (d{e~^y^) A *d(e^ v /^T) + dA 1 A *dA } 



+ ie^+VMte-^vV 1 ) A *d(e~^ P V^) (2.39) 
+ \e p H PQ dB p A *dB Q 

+ \e 2 * +p g ll H PQ (dC 1P + A,dB P ) A *(dC 1Q + A 1 dB Q ) 
+ i e 20+2^n ( i d7 + B P dClp) A >K (i d7 + B<*dC 1Q ). 

We will now show that this defines a metric on the quaternionic manifold 

M - SQ(4 ^- } (240) 
Mh ~ SO(4) x SO(n_) ' (2 ' 40) 

To do so we use the fact that Jv[ h is in the image of the c-map EZ] - More specifically 
this implies that M.^ can be viewed as a fibration over a special Kahler base space which, 
for the case at hand, is the manifold 

Mh = ^ l K SQ ( 2 ^-- 2 ) (241) 
• Mb U(l) SO(2)xSO(n_-2) • [ZAi) 

Indeed, the first 2 lines of (I2.39P are precisely the metric of .Mb- This follows from our 
discussion in section 12.31 and in particular from eq. (12.231) . There we already argued 
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that the H P q can be viewed as the coordinates of the second factor of M.h- Further- 
more, we recognize the second line of (I2.39P as a standard parametrization of the coset 
SU(1, 1)/U(1) by combining A\ and e~^^/gr[ into the complex field 



T := A l + ie-^JgTx . (2.42) 
In order to compare the action (12.391) with the form given in [37] we define [35J 

M PQ = ReT VPQ + ilmT H PQ . (2.43) 

and 

:= 2e-*-Vpir , 0:= 7 + 5 p C 1P . (2.44) 
With the help of fl2.42p - fl2.44p we can recast the action f)2.39p into the form 

Shyper = J Jj^fy^ A *dT - ±dH P Q A *dH P Q 

+ —d(f> A *d0 + ^-( y lmM) PQ dB p A *dB Q 
4(p z 20 

+ ^ (ImMy 1 PQ (dC 1P + (ReM) PR dB R ) A * (dC 1Q + (ReM) QS dB s ) 

+ -L(d4> + B p dC 1P - C lP dB p ) A *(d0 + B Q dC 1Q - C 1Q dB Q ) , (2.45) 



which exactly coincides with the explicit form of the c-map as given in [37J. 

This ends our discussion of type IIA supergravity compactified on orientifolds of 
K3 x T 2 . Our main result is that using a KK- reduction the scalar field space is determined 
to be 

SU(M) SO(2,n + ) SO(4,n_) 

U(l) SO(2) x SO(n + ) SO(2) x SO(n_) ' 1 ' ' 

where n + + n_ = 22 and ra + (r2_) count the number of even (odd) harmonic two- forms of 
K3. 



3 SU(2)-structure orientifolds 

We are now in a position to discuss the more general case of type IIA compact ification on 
a generic SU(2) structure manifold. Before we move on to the orientifold projection and 
the effective action, we recall some facts about six-dimensional SU(2)-structure manifolds 
and briefly discuss the moduli space of metrics on these manifolds as determined in |17j . 



3.1 SU(2)-structure manifolds 

As stated before, the reduction of the structure group of a six-dimensional manifold y 
to SU(2) is equivalent to the existence of two globally defined spinors r] 1 on y. With the 
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help of these spinors, one can define a real 2-form J, a complex 2-form f2, and a complex 
one-form K exactly as in section 12.21 i.e. 

J = {{vhmnrt - Awj-) dY m A dY n 

n = iri-hmnV~dY m AdY n (3.1) 

K = V-lmVl dY m = K 2 + %K\ 

where Y m , m — 1, ... ,6 denote the coordinates on y. However, for a generic y neither 
of these forms is necessarily closed as they are for K3 x T 2 . Using Fierz identities and 



the definitions (13. ip . one can show that J, f2 and K obey [T3"l H5) 7 I 

l k J = 0, l k Q = l k Q = 0, (3.2) 

fiAfi = 2JAJ^0, fiAJ = 0, fiAfi = 0, (3.3) 

K x m K Xm = 1 = K 2 m K 2m , K x m K 2m = . (3.4) 



A generic y with SU(2)-structure will no longer be a direct product M.± x M.2-, but 
it follows from the constraints (j3.2j) . (13.31) that the tangent bundle still splits into two 
orthogonal sub-bundles: the 2-dimensional part T 2 y spanned by the components of K, 
and its orthogonal complement T^y, or in other words, an almost product structure exists 
on y [T31 dH [T51 [T71 [221 EB] • As a further consequence the volume form splits according 
to 

vo\ y = vol 2 <g> vol 4 ~KAK<g)JAJ. (3.5) 

We will make the extra assumption that the almost-product structure is integrable, which 
seems necessary in order to make the calculation of the effective action tractable |25jFI 

There is no general procedure by which one can construct a set of light Kaluza-Klein 
modes on a general SU(2)-structure background. On Calabi-Yau manifolds, there is a 
clear distinction between the harmonic modes, which are massless, and the heavier modes, 
whose masses are at the Kaluza-Klein scale. In the non-Calabi Yau case, the distinction 
between light and heavy modes in the compactification is not obvious. The current 
procedure is to assume that, nevertheless, a suitable finite set of "light" modes exists, 
whose properties can then be constrained by various consistency conditions [2"gf [55]. 

Using these assumptions, the scalar field space for the light modes of SU(2)-structure 
compactifications was determined in [TBI El ES] • It was shown in [T7| that in the absence 
of massive but light gravitino multiplets, the low-energy theory is determined by a set of 
n two-forms u a ,a = 1, ...,n which describe the deformations of Q, J, and the complex 
one-form K = K 2 + iK l . These two-forms are the analogue of the 22 harmonic two-forms 
of K3. Furthermore, the intersection form r] a/3 is defined as in ( 12.141) and can be shown 
to have signature (3, n — 3) instead of (3, 19) for K3. The deformation space of Q and J 
is again a symmetric space analogous to the moduli space of K3 metrics given in (12.151) 

7 A set of globally defined differential forms K, J and fl subject to the constraints (|3 . 2[) . (|3.3|) is an 
equivalent characterization of an SU(2)-structure on a six-dimensional manifold. 

8 By integrability of the almost-product structure, we mean that local coordinates y l , i = 1,2, z a , a = 
1, ...,4 can be found in every neighborhood of y, such that T 2 y is spanned by the d/dy l , and T±y is 
spanned by the d/dz a . 
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and was found to be [T7j 



The deformations corresponding to the metric on T 2 y are parametrized by its components 
<7ij defined by the line element c?s T2 -y = gijK % K 3 . They again span the coset space 

As we already said, i^, f2 and J are no longer necessarily d-closed on y and the 
exterior derivatives parametrize the (intrinsic) torsion of the manifold. Imposing that 
the truncation to a finite set of light modes is non-degenerate, constrains the structure 
of the torsion terms. For the case at hand one has 



du a = A ujP , a, /3 = l,...,n , (3.8a) 

dIC = Q l K x A K 2 , i = l,2, (3.8b) 

where Dfo and D J ik are constant!^ Imposing d 2 = and J d{K l A u a A lo^) = implies 
the following constraints 

D iv D Jp ~ D%Dj p = e^Dtp , (3.9a) 

D a^p + v *f3 ei . d j = _^ D ^ . (3.9b) 

The constraint (13.9b ) implies that we can define traceless (n x n) matrices T as 

T^ = D^ + \e^5%. (3.10) 
In terms of the T, the constraints (13. 9p take the form 

[Tj, Tj] = €ij6 k T k , 



(3.11) 

i-y'l 'I 



which implies that the Tj are in the algebra of SO(3,n-3). For completeness, we also 
rewrite the exterior derivatives (I3.8P in terms of the Tj. 

du a = Tj^iT A u p + W^K' A u a , a, @ = 1, . . . , n, 

(3.12) 

dK l = 9 l K l A K 2 , z = 1, 2 . 

Let us now implement the orientifold projection on such generic SU(2) structure 
backgrounds. 



9 Exterior derivatives of the form dK l — D l a oj a can be ruled out as a consequence of the integrable 
almost-product structure. 
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3.2 Orientifold projection 



We have argued in the previous section that under reasonable assumptions the space of 
light Kaluza-Klein modes in SU(2)-structure compactifications can be constructed, and 
that this space has a similar structure as its K3 x T 2 counterpart. In particular the 
massless modes of K3 x T 2 compactifications are replaced by a finite set of light modes 
with similar couplings. 

Under these assumptions it is straightforward to also generalize the orientifold pro- 
jection, which is the topic of this section. In particular in both cases (K3 x T 2 and 
SU(2)-structure manifolds) we have given J, Q and K in terms of spinor bilinears in 
eqs. (12. 6p . (12.81) and (13. ip . Furthermore the orientifold projections (12. 7p and (12. 9p were 
derived from the action of the orientifold map a on the two globally defined spinors rf 
given in (12. 5p . Therefore we can immediately conclude 

a*(J) = -J, a*(Q) =-n, a*(K)=K. (3.13) 

Correspondingly, the considerations from section 12.31 still apply. The generalized space 
of Kaluza-Klein modes is divided into cx*-even and -odd modes as before, with signature 
of the intersection forms on the H 2,+ and H 2 ~ equal to (1, n + — 1) and (2, n_ — 2). For 
our purposes, the only difference is that the number n = n_ + n + of "light" two-forms 
in the Kaluza-Klein expansion is now arbitrary, depending on the details of the internal 
manifold y. Thus, the moduli space of metrics (13. 6p on T±y is reduced to 

SO(l,n + -l) SO(2,n_-2) 
M ~ SOK-1) X SO(2)xSO(n_-2) XM ' (3 ' 14) 

exactly as in (I2.23p . On T 2 y the metric degrees of freedom are again reduced to the 
diagonal components gn,g22- 

To determine the projection of the remaining modes, we can truncate the Kaluza- 
Klein expansion exactly as we did in section 12.31 Therefore the structure of the light 
multiplets and their kinetic terms is completely unchanged. In particular the scalar field 
space is still given by (12.461) (again with n + + n_ arbitrary). The difference only arises 
from the non-vanishing torsion components or in other words from the non-vanishing 
exterior derivatives given in (13.121) . 

All that remains to be done, then, is to specify the transformation properties of the 
exterior derivatives with respect to a*. Since a* and d commute, a p-form and its exterior 
derivative must have the same parity. This implies that the general form of the exterior 
derivatives given in (I3.12p reduces to 



dcu A = T A B K 2 A lu b + \QK 2 A lu a + T A Q K l A u Q , A, B 



(3.15) 



dK 2 = , 

for the even forms, whereas for the odd forms we have 

duj p = Tf Q K 2 Au Q + \6K 2 A uj p + T[ B K l A u B , P, Q = 1, . . . , n_ , 

dK 1 = 6K l A K 2 , 

where we have omitted the index on 9 1 , since 9 2 = 0. These exterior derivatives will 
induce a scalar potential and give charge to some of the scalar fields. These modifications 
are the subject of the next section. 



(3.16) 
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3.3 Effective action 



We are now prepared to discuss the effective action of type IIA supergravity compactified 
on a general SU(2)-structure manifold with orientifold projection. On a formal level, the 
only differences with the compactification on K3 x T 2 are that the forms K l replace the 
differentials dy % in the Kaluza-Klein expansion (12.101) . (12.111) . as well as the fact that 
the expansion forms K\u a are no longer required to be closed. Physically, the effect of 
choosing a background manifold with intrinsic torsion is that the fields parametrizing its 
deformations become charged. This leads to an effective action with gauge symmetries 
and a corresponding potential for the scalar fields. In case of an SU(2)-structure com- 
pactification, the effective action is an N = 4 gauged supergravity [HJ dH] • If in addition 
the orientifold projection discussed in the previous section is implemented this N = 4 
theory is reduced to a gauged N = 2 supergravity. 

We now substitute the Kaluza-Klein expansion (I2.10p for the modes which survive the 
orientifold projection (and which are recorded in Table 12. Xp into the type IIA effective 
action (I2.24|) . Using the exterior derivatives given in eqs. (13.151) and (I3.16p . we obtain 
an effective action of the form 

S = ^kin ^ + ^pot ) (3-17) 

where the first term S^^ D ^ coincides with the action given in eq. (I2.26p . but the ordinary 
derivatives for the following fields are replaced by the covariant derivatives 





= de' v - g 2 9e- v , 


Dgn 


= dgn - g 2 0gu , 


De~ p 


= de~ p + g 2 6e- p , 


DH A B 


= &H A B - g 2 {T 2 A c H c B - H A C T 2 ° B ) , 


DH P Q 


= & rP q ~ 9 2 { T 2R H Q ~ hP r T 2q) > 


DB l2 


= dB 12 - g 2 6B 12 + B x 9, 


DB P 


= dB P + g 2 T^ p B Q + \6B P , 


DAi 


= dA x - g 2 6A 1 , 


DC 2A 


= dC 2P + g 2 (T 2 c A -l65 c A )C 2C , 


DC 1P 


= dC 1P + g 2 {T^ P - \65 Q P )C lQ - C A r) AB Tf P 



(3.18) 



Furthermore, the Abelian vector field strengths F 1 given in eq. (12.361) are replaced by 
the non- Abelian field strengths 

F° = dg 2 , 

-F 1 = dBi — Qg 2 A B\ , (3.19) 

F A + 1 = AC A _ g 2 A ( T A bC B _ l QC A^ 
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The additional term S pot in (13.171) corresponds to the scalar potential 



Spot = - / §e 2 ^ + " (g 22 H p Q(T* P + \95 R P ){T^ + \65 S Q ) 



+g 11 H AB T R A T 1 s B ) B R B S 



_ ^+P + V g 22 (fo D2] P q[Hj T2] Q p + [F; Da] A fl[ffj ^ 



- ^e 2 ^g n (T A Q H% - H A B T? P ){T? C H C A - H P R T R A ) 




(3.20) 



+ Ie 4 ^ 3 " +2 ^ p « (cWTj* + ^(Cia + A^XT* + \05 R P )) 



■ [c 2B T R Q + #C 1Q (C 15 + A 1 B s )(Ti Q + 195 S Q )) 
(dC - dg 2 A C 2 ) A B P {T B P C 2B - T? p C 1Q + \6C lP ). 



We can rewrite the last line of (13.201) into a more standard form if we integrate out the 
three-form C as in section 12.41 Again, C has no independent degrees of freedom, but 
due to the extra topological term which now arises in its action, a contribution to the 
potential remains after its elimination. Solving the equations of motion and substituting 
the result back into the action, we obtain the new term 



As before, the next step is to rewrite the effective action (I3.17P in terms of the canon- 
ical N = 2 field variables. Since the kinetic terms are unchanged, we use exactly the 
same redefinitions (12.291) . (I2.42p . and (I2.44p from section 12741 The local gauge symme- 
tries which are implicit in the covariant derivatives given in (13.181) can be related to an 
appropriate set of Killing vectors on the scalar manifolds (12. 46 p . Let us start with the 
vector multiplets. 

3.3.1 Vector multiplets 

Using again the field redefinitions given in (12.291) the kinetic term for the scalar fields in 
the vector multiplets read 




(3.21) 




(3.22) 



where G AB is given in (I2.3ip . and the covariant derivatives read 

= d^s - g\6s + B llt 9, 
D,z A = d,z A - g\(T A B z B - \6z A ) + C*T A B - \C A 6 



(3.23) 



We can combine these covariant derivatives into the form 



D^z 1 — d^z 1 — A J k} , 



(3.24) 
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where z % denotes collectively all vector multiplet scalars z l = (s, z A ) and A 1 ^ denotes all 
gauge fields, i.e. A 1 ^ = (g 2 , B^, C A ). Comparing (13.241) with (13.231) we can read off the 
Killing vectors kj = k\d z i 



k = 6sd s + Tf B z B d z A - \0z A d z A , 

k s = -6d s , (3.25) 

k A = -T 2 B A d zB + \6d z A . 
This leads to the gauge algebra 

[k , k s ] = -6k s , (3.26a) 

[ko, k A ] = -(T? A - \65 B A ) k B , (3.26b) 

[ks, k A ] = [k A , k B ] = 0. (3.26c) 

This solvable algebra is the semi-direct sum of the Abelian algebra of the translation 
generators ks, k A and the generator ko- Furthermore, one can check that the non- Abelian 
field-strengths given in fl3TT9|) are indeed of the form F 1 = dA 1 + fj K A J A K for the 
structure constants defined via [kj, kx] = fjK^i- 

For completeness let us also compute the (real) Killing prepotentials Pi which exist 
for all isometries of a special Kahler manifold. They are defined by |35j 

k\ = ig^djPi . (3.27) 

Integrating (I3.27P for the Killing vectors (13.251) we find 



2 o q ( <y — ^2 2 ( ~ — 



5 — 5 [Z — zy \Z — Z) 

P s = - l 0—, (3.28) 
s — s 

p A = -2i (z r~ z)BT A-ie {z ~~ z)a 



z — z) 2 (z — z) 2 



3.3.2 Hypermultiplets 

The scalars in the hypermultiplets are also charged, as can be seen from the covariant 
derivatives given in (13.181) . Using again the definitions (I2.42p - (l2.44p the kinetic terms of 
the hypermultiplet scalars are given by 

= I Jf^jf DT A * DT - \k DRP Q A * DIjQ P 

+ —d(f> A *d0 + ^-(lmM) PQ DB p A *DB Q 

+ (ImMy 1 PQ (DC 1P + (ReM) PR DB R ) A * (DC 1Q + (ReM) QS DB s ) 



+ -^-(D4> + B P DC 1P - C 1P DB P ) A *{D<j) + B Q DC 1Q - C lQ DB Q ) 



(3.29) 
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with the covariant derivatives 

d»c p = d»e p - g\T 2 p Q e Q , 

D,T = d,T-g\0T , 
D,B P = d,B p - g\(T 2 p Q B Q - \6B P ) , (3.30) 
D^Cip = d^Cip + g 2 ^(T^ p CiQ - \9Ci P ) - C^ A r] AB T p Q , 
= d,4> - C* VAB Tf P B p . 

These covariant derivatives can again be cast into the generic form D^q u = d^q™ — A^kj, 
where q u collectively denote all scalars in the hypermultiplets. Comparing with (13.301) 
determines the Killing vectors kj = kjd u on the quaternionic manifolds. We find that 
the non-trivial Killing vectors on are 

ko = T p Q C Q d eP + (T P Q B Q - \6B p )d BP 

- (T? P C 1Q - \9C 1P )d Clp + 6Td T , (3.31) 

k A = VabTU9c 1p + B p d^) . 

Obviously, consistency requires that they form the same gauge algebra as the algebra 
(I3.26P of the Killing vectors on the special Kahler manifold. k$ does not act on the 
quaternionic space and therefore the only non-trivial commutator we need to check is 
[/coj&a]- Using in turn the commutation property from (13.111) and the fact that the Tj 
are in the algebra of SO(3,3-n), we obtain 

= VABTfp(T[ Q d Cl p - \Qd ClP ) 
+ (T P Q B Q - iOB^vjuT&di 

(3.32) 

= Vab(T 2 b c + \65 B c )T? P {dc 1P + B p d i ) 
= ~ (T 2 B A - \et B A ) riBcT? P {dc 1P + B p d^) , 

which is indeed the commutation relation (13.26b[) . 

On a quaternionic Kahler manifold, there is an SU(2) triplet of Killing prepotentials 
associated to each isometry. They are computed in appendix O Finally, checking the 
agreement of the potential (I3.20p with the corresponding expression of N = 2 is relegated 
to appendix [Dl This completes our discussion of the properties of the effective gauged 
super gravity. 

4 Conclusions 

In this paper, we have constructed an 06 orientifold projection of type IIA string theory, 
compactified on a background manifold with SU(2) structure. In order to find the correct 
orientifold projection, we first studied the simpler case of compactification on K3 x T 2 , 
where all moduli remain massless. Having found the 06 orientifold projections that 
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leave intact half of the supersymmetry of these backgrounds, we found that they could 
be easily generalized to projections on generic SU(2) backgrounds. We then applied these 
orientifold projections to the effective N = 4 theory obtained from compactifications of 
type II string theory on SU(2) structure backgrounds [TBI US]- We have shown that 
the result corresponds to a standard gauged N = 2 supergravity by performing the 
appropriate field redefinitions. We have seen that in the supergravity field basis, the 
multiplets mix the Ramond and Neveu-Schwarz fields. The effective theory has a scalar 
target space 

SU(1,1) SQ(2,n + ) SO(4,n_) 

U(l) SO(2)xSO(n+) SO(4) x SO(n_)' { } 

where n± is the number of 2-forms with even/odd transformations under the orientifold 
involution a. Thus, the scalar target space takes a simple form, but one expects that 
the last two factors of (14. Xp both receive corrections at string loop order, since they both 
depend on the dilaton. 

Isometries of all sectors of the scalar target space can become gauged, when the 
internal manifold has suitable torsion components. The gauge algebra which we found, 
is a solvable semi-direct sum of two Abelian sub-algebras, similar to the algebras found 
in other G-structure compactifications [251 [27]. These gaugings induce a potential, which 
is of the canonical form. An application would be to investigate moduli stabilization in 
these scenarios. 

As a next step, we can combine multiple orientifold projections in order to arrive at 
a theory with N — 1 supersymmetry. If one could find a further orientifold projection 
which is still compatible with some of the gauge transformations, while at the same time 
it reduces the supersymmetry, the result would be a simple, yet non-trivial, N — 1 toy 
model. 
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A Spinor conventions 



In this appendix we give a brief overview of the conventions used for the spinor represen- 
tations in various dimensions, and discuss the transformation properties of those spinors 
under the orientifold map. This section is largely based upon [TTJ, with some adaptions 
due to our slightly different conventions. 



A.l Representations 

In agreement with the compactification ansatz, the ten-dimensional spinors transform 
in a representation of Spin(l,3) x Spin(6). The corresponding decomposition of the 
ten-dimensional gamma-matrices jm is given by 

1^ = 7^®!, T m = 7 5 <g>7 m , (A.l) 

where the 7^ and 7 m are the four- dimensional, respectively six-dimensional gamma- 
matrices, and 75 is the four-dimensional chirality operator. The ten-dimensional chirality 
operator T n is the tensor product of the four-dimensional and six-dimensional chirality 
operators 

Tn = 75® 77- (A.2) 

We work with four- and six-dimensional Weyl spinors, and use subscript ± to indicate 
their chirality. Complex conjugation changes the chirality, and we have the following 
Majorana conditions in four and six dimensions: 

C± = %)C; , V± = B {6) V* T , (A.3) 
where the following relations hold 

£(4)7^(4) = 7; , (A.4a) 

£(6)7m£(6) = -7™ • (A.4b) 
The ten-dimensional spinors are Major ana- Weyl, and satisfy the Majorana condition 

e = B m e* , (A.5) 

where -B(io) is given by 

B (10) = r 1 i-.B ( 4)®B(6), (A.6) 

and satisfies 

£ ( ^o) r M-B(io) = -rv (A. 7) 



A.2 Transformation properties 

Locally, the target space involution a is a combination of a number of reflections. Since we 
want to preserve all four-dimensional symmetry, these reflections will be along directions 
in the internal space y. A reflection that preserves the Majorana property and only acts 
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on the internal component of a ten-dimensional spinor should act on the spinors with the 
transformation 

Rm = zT m r ( io) = it <S> 7m7(6) • (A. 8) 

For an orientifold with Op-planes, o consists of / = 10 — (p + 1) reflections. Taking the 
square of a = R mi ...R mi , we get the following action on spinors 



(a*) 2 = (-1)^1. (A.9) 

In the case of 06 planes, we have a 2 = — 1, which demonstrates the need for the extra 
transformation (— in the orientifold projection S. 

If the orientifold projection is to preserve some of the supersymmetry, a* must map 
between the ten-dimensional supersymmetry parameters 



(A.10) 



where the minus sign applies in the case of 06 orientifolds, accounting for the fact that 
a 2 = -1. 

Since a is a symmetry of our chosen background, it must preserve the spinors r\ l . 
Recalling that (ex*) 2 = — 1 in the case of an 06 orientifold, we are led to the choice 

a*{r,i) = ±^. (A.ll) 

In principle, more general transformations are of course possible, but in the case of a single 
orientifold, we can bring the transformation into the form (1A.11I) by a suitable redefinition 
of the if . Looking at the decomposition (12. 4p of the ten-dimensional supersymmetry 
parameters, and using the transformation property (lA.lip . we see that dividing out the 
relation (1A. 10|) forces 

ei = e?, (A.12) 

reducing the available four-dimensional supersymmetry. 

For completeness, we also mention the case of 04/08 orientifolds. In this case, 
(cr*) 2 = 1, so we do not add (— 1) Fl to the orientifold action. With our conventions, we 
can choose the following action on the rf 



a*( V l) = ± VT . 



2 

(A.13) 



In the case of an 04/08 orientifold, the ten-dimensional supersymmetry parameters 
are related as in equation flA.lOj) . now without the minus sign. Using flA.13j) in the 
decomposition (12 .4p . we see that the four- dimensional supersymmetries must satisfy 



fc 2 5 



(A.14) 



We see that the presence of an extra internal spinor, i.e. SU(2) structure, is necessary 
to define the (supersymmetric) 04/08 orientifold projection [II] . Thus this option is 
absent in the case of orientifolds of SU(3)-structure compactifications [5, 8j. 
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B Gauge field kinetic couplings 



Applying equation (I2.37P for the canonical form of the gauge field kinetic term to the 
effective action f!2.26|) obtained from the compactification, we find that the matrix M has 
the following form 



/ D ri Ar< Ac r> r 1 \ 

— D\ 2 Lj 2 U 2A 9^2 L '2A D\2^2B 



A/j 



2^2 

-C 2B 

B\ 2 C 2A —C2A —Bi 2 7]AB J 



1 ri Ac 1 
2^2 ^1A 



( 



+ i 



- e - 2 ^P-%g 22 + g u (B 



12 , 



\ 



— e V H AB C 2 A C 2 B 
e -2v- P -v g n Bi2 

e-*H AB C 2 B 



e -2^- P - Vg ii Bi2 e ^c 2 A R AB 



_ e -2tp-p-T)gll 







(B.l) 



-e-"HAB J 



which can be written in terms of the complex scalars s and z A using the field redefinitions 
f)2.29p . In terms of the N = 2 complex variables, the entries of Af become 



00 



-B 12 C 2 A C 2A - i(e^'-'( 922 + g n (B 12 ) 2 ) + e-m AB C 2 A C 2 > 
+ ss(Az 2 z 2 - 2z 2 (z-z) - z 2 (z-z)) + \s 2 (z 2 - z 2 ) 2 ) , 



05 



\C 2 A C 2A + ie- 2 *- p - r >g ll B 12 = —L—( s (z 2 + z 2 ) - 2sz-z) 
2 4 s — s) 



Af 0A = B l2 C 2A + ie V H AB C 2 



(s - s)(z 2 - z 2 ) . , 1 , _ N 
^ ^ '-{z - z) A + \s{z + z) A , 



(B-2) 



2 z-z 



y\2 



Mss 
Nab 



- ^) 2 



4(s - s) 



-C 2A = -\{z + z)a , 
-B 12 i] AB - ie~ v H AB = st] AB 



s-s 



z - z 



[z - z) A {z - Z) B , 



where we have abbreviated contractions of the z A and z A with the form rj AB as z-z, z 2 
and z 2 . One can check that the expressions (1B.2|) agree with the result obtained when 
substituting the prepotential (12.351) into the equation (12.381) . 



C Calculation of the Killing prepotentials 

In this appendix, we give some details on the computation of the Killing prepotentials 
Pf on the hypermultiplet target space M.^ = SO(4, n_)/SO(4) x SO(n_) following [35J. 
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One can parametrize the Grassmannian of spacelike 4-planes SO(4, n_)/SO(4) x SO(n_) 
using four orthonormal vectors of dimension 4 + n_, which span the spacelike 4-plane. 
Writing these four vectors as the rows of a 4 x n_-matrix Z au , we obtain 



/ 



i /:/'-:/', 



B Q C 



IQ) 



T—T 



T-T 



At 



T-T 



T-T 



+C 1Q C^ ± A } C 1Q BQ) -V2C Q C lQ 

+y<p(r-T) 



-V2e Q B Q 


V2? P 



\ 



1 -Xi 



<j>{T-T) ' 

- B Q(C 1Q +A 1 B Q )) 

2 



Ax 



y/4>{T-T) 



(C 1P + AxBp) 



(C.l) 

where i — 1, 2. From Z, we can compute the S0(4) component of the connection on Aih 



dab — Z ua i] uv dZ v 

where r\ is the following metric of signature (4, n_): 



/ 1 \ 

1 

-1 

0-10 

V T] PQ J 



(C.2) 



(C.3) 



We obtain the SU(2) connection on M.^ by decomposing 9 with respect to the three 
self-dual 't Hooft matrices J x+ given in |35j : 



•§tr(0J 



x+^ 



x = 1,2,3 . 



(C.4) 



Computing 9 from Z as given in ACID and extracting the different components according 
to (lC.4p . we find the SU(2) connection components u x 



( 



— ^<L4 a - — (C 1P dB p - B p dC 1P - dd>) 
T-T 20 v YJ 



\ 



+ue p de P -e p de P ) 



2i 



{A l ( 2 P dB F + i 2P dC lP 



4>{T-T) 



\ 



'T-T 



-epdB 1 



2i 



</>(T-T) 



(A i e P dB p + e P dC 2P ) 



(C.5) 



/ 



The Killing prepotentials Pf, then, are the solutions to the set of differential equations 



hi — ' (du x + -e xyz u y A io z ) = dP x j + e xyz u y P z j, 



(C.6) 



where the left-hand side is the insertion of the 7-th Killing vector into the SU(2) curvature 
form, and the right-hand side is the SU(2)-covariant derivative acting on the triplet Pf. 
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Combining the connection from equation (IC.5I) with the Killing vectors (&o, (13.311) 
on the quaternionic manifold, we obtain the following Killing prepotentials: 



P 1 



Y-fAj - uj lP {Ti Q - \95 p q )bq + e P T 2 p Q e Q 



p2 



p3 



T-T , 



2 1 



<t>{T-T) 



(M'piTfn - ^ P o)B Q - C lP {T p - \95 p Q )e Q ) 



(C.7) 



P\ = riAB-J?pB p 



p2 



2? 



-Vab» 



B C 2P 



4>(T - T) 



(C.8) 



2? 



-r)AB' 



<KT-T) 



rpB (IP 
J 1PS 



We can also express these potentials by the following integrals over the internal man- 
ifold: 



P 1 

o 



p3 



2 6 



g 11 I ^(d(Refi) A Refi + d J A J) A A + dB A C_ 



+ / ( J A d(Refi) - Refi A dJ) A K 1 



P 2 = - -e^vV 1 / d-B A ReQ A A + C- A d(ReO) 
2 Jy 

+ \e^ p [ dBAJAK 1 , 

2 Jy 



-e^vV 1 / dPAJAA-C_AdJ 

2 Jy 



- -e» p dBA Ren A K 1 

2 Jy 



^1 = -VAB^ +P y^ f dB A uj b A K 
z Jy 



p\ = riAB-e^f^fgU / dRefi A u B A K 2 

2 Jy 



Pl = VAB-e^W9 n I d J A u) A K 2 
1 Jy 



(C.9) 



(CIO) 
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where C_ represents those modes of C which are odd under the action of a*, e.g. 
C_ = dpK 1 A uj p . 



D The potential 

In this appendix we check consistency of the potential obtained from the SU(2)-structure 
compactification with N = 2 supergravity. The latter requires that the potential takes 
the special form [35] : 

v = + W - (iCmV)- » + M*>) FTP,, (D.1) 

where and /i Mt) represent the metrics on the special Kahler, resp. quaternion-Kahler 
target spaces, the kj are the Killing vectors from equation (I3.25p . the X 1 are the homoge- 
neous coordinates on the special Kahler manifold and the Pf are the Killing prepotentials 
associated with the gauged isometries of the quaternionic manifold. We now verify that 
the potential obtained by Kaluza Klein reduction has this canonical form. 

We start by simplifying the rightmost term in equation (ID.lj) . Inverting the imaginary 
part of the M in (jRlj) gives 



_g22 _g^Q l2 _(J B ^22 

(Im.Vr J =< LV -" + " ( -9 22 Bi2 -g 22 (Bn) 2 - gn -g 22 B 12 C 2 B 

-C 2 A g 22 -g 22 B 12 C 2 A - e ~^P H AB - g 22 C 2 A C 2 B 

(D.2) 

It follows from the formulas for /C and the definition of the variables s and z A in section 
I2XT1 that 

le^+P+Vg^ = (D.3) 

Using equations ID .21 ID~3l and the definition of the coordinates X 1 in section [2.4. 11 we see 
that the contribution from the Killing prepotentials P x j given in (1(170 . (10.81) reduces to 

(f (Im/V) -1 IJ + 4e /c X / X J ) PfP] =l v AB P x A P x B , (D.4) 

where 

b AB P x A P x B = 7^^abTi P B p T B qB® + i^^^— j^-?7 J 4B(^ip^ iP ^i^C < ^) 

= \e^^g^ AB T A P B p T B Q B® 

+ \e 2 ^ p+r} g 1X VA B {T^ iP T B Q e Q ) . (D.5) 

In the last equation we rewrote the result in terms of the original variables for ease of 
comparison with the potential (I3.20p . 

Calculating the contribution from the first term in (ID. II) is straightforward. We insert 
the Killing vectors as given in equations (I3.25p . (13.311) . and find 

^X'X'gqkWj =f- e e 2 ^g 22 6 2 + le^+'+V 2 (^T&T^* 7 ) , (D.6) 
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together with 

Ae K X I X J h uv k a I k v J = le 4 ^ +3r ' +p e 2 {A 1 ) 2 + \e 2 ^ +p ^g 22 6 2 
-±e 2 ^>[H,T] p Q [H,T] Q P 

+ ± e ^^ g 22 H PQ BR{T R p + 196 R P )B S (T 2 S Q + \65 S Q ) 

_|_ l e 4^+2p+3 ?? JjPQ 
8 

■ {C 2A Tf P - C lR (T R P - \65 R P ) - A X B R {T R P + \65 R P )) (D.7) 
• (C 2B T* Q - C 1S (T 2 % - \65 S Q ) - A x B s {Tl Q + \05 S Q )) 

+ \e 2 ^H^e A Dte B D R Q 

The total potential is now equal to the sum of the contributions (ID. 5ft . f1D.6[) and (1D.7[) . 
and most of these terms can be recognized immediately in the potential (I3.20p obtained 
from the compactification. The equivalence of the remaining terms can be shown by 
rewriting the H a /3 in terms of the £ xa using (12. 22ft . and using the constraints (13.111) on 
the parameters T^. 
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